Absfrucf-We' study the global asymptotic stability of the time dependent nonlinear system k ( t ) = u ( t ) F ( z ( t ) ) 
I. INTRODUCTION
By a switched system we mean a family of continuoustime dynamical systems and a rule that determines at any time which dynamical system is responsible for the time evolution. More precisely let {fu : U E U } be a (finite or infinite) set of sufficiently regular vector fields on a manifold M , and consider the family of dynamical systems:
The rule is given assigning the so called switching function U ( . ) : [0, CO[-+ U . Here we consider the situation in which the switching function cannot be predicted a priori; it is given from outside and represents some phenomena (e.g. a disturbance) that it is not possible to control or include in the dynamical system model. In the following we use the notation U E U to indicate a fixed individual system and U(.) to indicate the switching function. Suppose now that all the f u have a given property for every U E U . A typical problem is to study under which conditions this property holds for the system (1) for arbitrary switching functions. For a discussion of various issues related to switched system we refer the reader to [7] . In this paper we consider the problem of the global asymptotic stability of a single input convexified nonlinear problem.
where z E B2, E'(.), G(.) are CM functions from R2 to (and in [l] , [6] in higher dimension). See also [9] .
where A and B are two 2 x 2 real matrices with eigenvalues having strictly negative real part, In this note we give a necessary and a sufficient condition for global asymptotic stability for the nonlinear system. In the long version of this paper [3], we present all the proofs. Moreover we also suggest an algorithm to pursue the analysis, in the case in which the necessary condition apply but the sufficient one does not. A key ingredient is the set on which the two vector fields are parallel. This is Q-'(O), the set of zeros of the function:
The set Q-'(O) is used, similarly to [4], to build the "worst" trajectory. The idea is that the system is globally asymptotically stable iff for each point the worst trajectory passing through that point goes to the origin (and of course does not reach points arbitrarily far from the origin). We recall that in the linear case (3), excepted for some degenerate cases, the set Q-'(O) is equal to {0}, or it is a couple of straight lines passing through the origin. In the non linear case, the situation is more complicated, but we have the following:
Lemma 1: Under generic conditions on F and G, for where r o is the subset of Q-'(0) connected to the origin, while r3, j 2 1 are the other connected components of Let I?, one of these components. We say that at z E r3, I-', is "direct" (resp "inverse") if F ( z ) and G(z) have the same (resp. opposite) direction. The only point in which this definition in not well defined is the origin. The following lemma show that every components is completely "direct" or '*inverse":
Lemma 2: Let r, be "direct" (resp. "inverse") at z E r3. Then, for every y E r, \ {O}, r, is "direct" (resp. "inverse").
An example is depicted in Figure 1 . Our main results are the following two Theorems:
Theorem 1: (sufficient condition) If the set Q-l(O) = {0}, then the system (2) is globally asymptotically stable for every switching function. This is a generalization of the results proved in the linear case. If the hypothesis of this Theorem applies, then there exists also a common Lyapunov function [5] , [8] . The following Theorem say that the "inverse components" are bad for stability. The reason is clear: if r3 is "inverse" and 1 E r,, then there exists a constant switching function U such that the corresponding trajectory of (2) satisfying $0) = 1 is constantly equal to 1.
Theorem 2: (necessary condition) If the system (2) is globally asymptotically stable for every switching function, then at each point of Q-l(O) \ {0} F and G point in the same direction. If all the components are "direct", but Q-l(O) does not contain only the origin, then the fact that the system is stable (or not) depends on the topology and on the way in which .the (direct) components are "connected" by the trajectories. Some results can be given in the case in which all the components are of "compact" type (see [3] ).
